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assume that the cells have a circular shape at their inception and that there is a force act-
ing upon the entire circumference of the cell. The net force from the individual cells is a
key factor in their transformation from a circular shape to a rounded hexagonal shape. Nu-
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1. Introduction

Honeybee nests are organized into parallel and vertically aligned self-synthesized wax combs. Both sides of the comb
consist of arrays of hexagonal cells that house the brood and store resources. In a regular hexagonal cell, the six sides
adjoin at a 120° degree angle [1]. The hexagonal structure appears in several studies in various research fields, such as pat-
tern formation [2], honeycomb network [3], cationic liposome-DNA [4], and honeycomb formation [1,5]. The honeycomb is
the most studied natural cellular structure [6]. Despite this, there is an ongoing debate about how these hexagonal cells
are produced. For example, according to some sources, the comb structure is a result of a thermoplastic wax reaching a
liquid equilibrium [7]. However, according to other researchers, the hexagonal structure is not produced via a liquid equilib-
rium process [1]. It was reported that the cells in a natural honeybee comb have a circular shape at inception but quickly
transform into the well-known rounded hexagonal shape, see Fig. 1. Several studies on the honeycomb structure have been
carried out [5,8].

In this study, we propose a simple mathematical model and perform numerical simulations of the hexagonal pattern for-
mation of a honeycomb using the immersed boundary method [9]. The basic mechanism of our model as follows: First, we
set the cells which have a circular shape at their birth. Second, we compute forces acting upon the entire circumference of
the individual cells. Third, we calculate the net force from the individual cells. Fourth, we move the cell boundaries accord-
ing to the net force. We repeat these last three steps until it reaches an equilibrium state or a specified time. Computational
experiments of the proposed mathematical model demonstrate the hexagonal patterns observed in honeybee colonies.

The importance and advantage of the studied model is that we can generate complex hexagonal pattern using a simple
mathematical model and has applications such as patient-specific 3D-printed cast, which will be described in more detail
in Section 3.10.
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(b)

Fig. 1. Italian honeybee comb cell. (a) Inception and at (b) 2-day-old, scale bar is 2 mm. Reprinted from Karihaloo et al. [6] with permission from the Royal
Society.

The novelty of the paper is to propose a mathematical model for a fundamental formation of hexagonal honeycomb
structure and apply an efficient and accurate numerical method for solving the governing equation.

To the authors’ knowledge this is the first attempt to model and simulate hexagonal pattern formation of the honeycomb
structure in a large scale, including the interactions of cells. So far, most researches on hexagonal pattern formation focused
on self-organized formation of hexagonal pattern through phase separation [10] or investigated the strength and stiffness
under shear or compression [11-15].

The organization of this paper is as follows. In Section 2, we present the proposed mathematical model and numerical
method for the hexagonal pattern formation. We present the simulation results in Section 3. In Section 4, conclusions are
presented.

2. Mathematical model and numerical method

To model and simulate the hexagonal pattern formation of the honeycomb, we use the immersed boundary method
(IBM) as a computational tool. This method was introduced by Peskin to study flow patterns around heart valves [9]. The
IBM has been used by several researchers in various studies [16,17].

In the IBM, the fluid is represented on an Eulerian coordinate and the elastic structure is represented on a Lagrangian
coordinate. The immersed elastic structures are typically represented as a collection of points. The velocity and pressure are
defined on the Eulerian coordinate. The force exerted by the flexible structure on the fluid is considered as a source term in
the momentum equation using a Dirac-delta function. Then, the Lagrangian points move with the fluid velocity interpolated
through the Dirac-delta function. The governing equations are discretized by an Eulerian grid on the fluid and a Lagrangian
grid on the immersed boundary. Approximations of the Dirac-delta function by a smoother function allow us to interpolate
between the Eulerian and Lagrangian coordinates. Please refer to [18,19] and references therein for more details about the
IBM.

Let X (s,t) = (R (s, t),J(s,t)) be the immersed boundary for the kth cell at time t for 1 <k <N, where 0 <s <Li(t) and
Li(t) is the time-dependent length of the k-th boundary. Here, N, is the number of closed loops. Because the boundary is a
closed curve, X; (0, t) = X (L, (t), t). See Fig. 2.

We assume the cell boundaries move according to a net force on the boundaries and propose the following evolution
equation:

where « is a proportional constant value and F is the net force resulting from the forces exerted outwardly by the individual
cell boundaries, such as mechanical force or the heat flux caused by the honeybees [7]. Eq. (1) can be considered as a special
case of the general Lagrange’s equations of motion for X, [20]. Lagrangian simulations have been studied in various fields
[21,22].

Let a computational domain € = (0, Lx) x (0, Ly) be partitioned in Cartesian geometry into a uniform mesh with mesh
spacing h as shown in Fig. 2. The center of each computational cell €; is located at x;; = (x;,y;) = ((i—0.5)h, (j — 0.5)h)
fori=1,...,Ny and j=1,...,Ny. Here, Ny and Ny are the numbers of cells in the x- and y-directions, respectively. We use
M Lagrangian points XZJ = (xg,,,yg,,) for [=1,...,M at t = nAt to discretize the kth immersed boundary. Here, At is the
temporal step size. At X" , the corresponding outward unit normal vector “Z,l can be calculated by using three points X"

k,I° kI-1°
X3 XE with the quadratic polynomial approximations [23]

) =ait? + Bit+y;  and  J(t) = axt? + Bot + .
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Fig. 2. Schematic illustration of computational configuration when N; = 3. Here, Eulerian points x; and Lagrangian points X}/, (k= 1,2, 3) are denoted by
open and solid circles, respectively.
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Fig. 3. Schematic illustration of normal boundary force f}, per unit length when N = 3.

For  convenience, we assume that Xp,_; = (8(0),5(0)), Xi; = &(Asy), F(Ase)), and  Xgpq =
(R(ASk 1+ ASpi11), T (A + Ay 141)). Here,

Asgr =/ et — X2 + Grt = Jer-1)2.
Then, the parameters a1, B1, Y1, @2, B2, and Y, can be obtained by
-1

0 0 1 5
o X(0)
) - A AS’E’ 2 A ASkAl } X(Asi) ’
" (ASg) + ASg141) Sk + ASk 41 F( A1+ ASernr)
o 0 0 ! _J(0)
135 _ As?, Asy 1 F(Ase)
" (Asgi+ Aspra)?  Asg+Asgpr 1 F(ASks + ASpii1)
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Fig. 4. Schematic illustration of the proposed model (a) superpositioned boundary force density on Eulerian points, (b) net force on Eulerian points,
interpolated net force F" on Lagrangian points, and (d) updated Lagrangian points X“+1 (solid square) by X" (solid circle).
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Fig. 5. Temporal evolution of initial circles by the proposed model.
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Now we get the unit normal vector n; as

T T,
\/sz +Ty2’ \/'1;2 + '13/2
where Ty and Ty are defined as

ASE (Riier — Ria) + A2 (R — Reisr)
As i ASk 1 (ASer + Aspigr)

T dy(As ) ASE (Vi1 = Ira) + A (et = Fei—1)
Yy = 37 ki) = .
A Asy 11 (ASkr + Asy 1)
Another approach for the derivation of the unit normal vector can be found in the Appendix. We define the boundary force
per unit length f"l = ank |» where o is a magnitude constant. See Fig. 3.
To compute the net force density, we first spread the boundary force over the nearby lattice points as follows:
Nk

ZZ 107 (%ij = XE D (Asp )+ Aspy4)/2, (2)

k=1 I=1
where 82(x.y) = h=2¢(x/h)¢ (y/h) is a smoothed Dirac delta function [19] and

(3 =2|r| ++/1+4|r| —4r2)/8 if |r] <1,

¢ =3 G-2|rl+/9-4lr[+42 - |r)?)/8 if1<]rl <2,
0

ng =

Te = —(Ase) =

)

otherwise.
Fork=1,...,Nyand [ =1,..., M, we can move the immersed boundary points as follows.
Ny Ny
Xﬁ] = ﬁy, + AtZZaF}}Sﬁ(xU - Z,,)hz. (3)
i=1 j=1

This completes the one time step.
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Fig. 6. Three types of Dirac delta functions.

Fig. 4 illustrates the basic mechanism of the proposed mathematical model that describes the formation of hexagonal
honeycomb structure.
The formation of hexagonal honeycomb structure can be summarized in the following algorithm:

Algorithm 1 Algorithm for the formation of hexagonal honeycomb structure.
Require: N, : total number of the cells
M: number of the immersed boundary points of the cell
r: radius of the cell
x : control value for the target area Aty
tol : tolerance for the stopping criterion
for k=1:N, do
Define the center of the cell (¢ x, ¢k y)-
for/=1:Mdo
Set 0 =2m(l-1)/M.
Define the Lagrangian points as

XP, =R, 9h)) = (Ckx + 1050,y +75In0).

end for
0 _ y0 0 _ %0
Set X o =Xy and Xy, =X ;.
end for

Define the critical area as A = x 7 (d/2)2, where d is the distance between the centers of two adjacent cells (see Fig. 11).
while |[F"| > tol do
Set t’l},, = (0,0) and F?j = (0,0).
for k=1:N, do
Calculate area A, of each cell as
R
3 Z (Xz.zyﬂ,m —Xlz.myﬁ,z) .
=1
if A, <A then
Set the boundary force fz ; of the kth-cell.
end if
end for
Compute the net force density F* by spreading the boundary
force f,"{‘l to the Cartesian grid by Eq. (2).
Move the Lagrange points by Eq. (3).
Setn=n+1.
end while

A=
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Fig. 7. Comparison study of three types of Dirac delta functions at t

row).

3. Simulation results

The proposed algorithm was implemented using C language on a dual 3.10GHz and 4GB Intel PC. The graphic visualiza-

tion was done in MATLAB R2017b software

(The MathWorks, Natick, MA, USA). We can define the numerical equilibrium

| <

n
1

tol. In this paper, we run most simulations until a fixed time in order to compare the numerical results with different pa-

state of the model when the maximum norm of the net force becomes less than a given tolerance, i.e., ||F"|lo = max;; |F}
rameter settings.
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Fig. 8. Ry =4ntanf forn=3.4,..., 35 (circled line) and Ry, = 47 (solid line).

3.1. Basic mechanism of our model

First, we present the basic mechanism of the proposed model. Let us consider the temporal evolution of the seven initial
cells as shown in Fig. 5. Especially, the initial circle in the center deforms to the hexagonal shape by the net force from the
neighboring cells as time goes on. In this test, we use the following parameters: h = 0.125, Ny = Ny = 150, N, =7, M = 320,
At =0.05h2, 0 =0.1, and = 1 on Q = (0, 18.76)2.

3.2. Various Dirac delta functions
In this section, we investigate the effect of various Dirac delta functions on the cell deformation dynamics. We consider
the following three types of delta functions:
e 2-point delta function [24-27]:

1= qr if =1
$i1(r) = {O otherwise.

e 4-point delta function [19,25-28]:

B =2|r| ++/1+4|r| —4r2)/8 if |r] <1,
$2(r) =3 (5-2|r| +/9—4[r[+4Q2 - [r)?)/8 if1<]r| <2,
0 otherwise.

e 6-point delta function [25,27-30]:

61 £|r| E|r|2-i-l|r|3
12~ 42 56 12
V3 2 3
+33¢6 (243 + 1584[r| — 748|r|* — 1560]r|
+500]r[4 + 336|r(° — 112|r]°)""* i os<l=<t,
h3(r) = 21 n 7 Ir] 7|1’|2 + 1 |1’|3 3¢ (rf=1) if 1<l <2
IR TR LU L S
9 23 32 1,1 i
g 12"+ gl -l sl =2) if 2<rf <3,
g otherwise

Fig. 6 shows the three different types of Dirac delta functions.

For the numerical test, we use h = 0.125, Ny = Ny =400, N; =50, M =320, At =0.05h%, 0 =0.1, and ¢ =1 on Q =
(0,50)2. As shown in Fig. 7, we obtain almost the same results after long time evolution. In this study, we use ¢ (r) for all
numerical tests.

3.3. Ratio of the square of the perimeter to the area of a polygon

We consider a regular polygon, which is equiangular and equilateral. Let n be the total number of the sides of the regular
polygon. Let s be the length of a regular polygon. The area of the regular polygon is therefore A = 0.25ns2/tan(sr/n) and
perimeter is P = ns. To characterize the shape of the regular polygon, we consider the ratio R, of the square of the perimeter
to the area of the polygon as follows.

2

P T
Rn=Z=4ntanH‘ (4)
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Fig. 9. (a)-(c): Snapshots of the cells with h =0.125 at t =0, 0.5469, and 6, respectively. (d)-(f): Temporal evolutions of the ratio R with h = 0.5, 0.25,
and 0.125, respectively.

We note that R, converges to Ry, = 4w as n— oo, which is the case of a circle. Fig. 8 shows R, for n=3,4,...,35 and
Roo. In particular, the regular hexagon has Rg = 8+/3 ~ 13.8564.

3.4. Numerical convergence with respect to h

In this section, we investigate numerical convergence with respect to spatial step size h. For this, we assume the initial
condition to be composed of 50 circles with radius r = 2.225 on the computational domain © = (0, 50)2, see Fig. 9(a). In
numerical tests, the parameters used are 0 = 0.1, @ = 1, N, = 50, M = 320, and At = 7.8125e—4.

When we use h = 0.125, we obtain temporal numerical results at t = 0, 0.5469, and 6 as shown in Fig. 9(a)-(c). As time
evolves, initial circles grow and then deform into hexagons.

Now, we calculate the ratio R = P2/A, where P and A denote length and area of each cell, respectively. In this test, we
only investigate the ratio of 1st, 23th, and 27th cells. Fig. 9(d)-(f) show the temporal ratio R of 1st, 23th, and 27th cells with
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Fig. 11. Schematic of two adjacent cells having distance d between the centers.

respect to h = 0.5, 0.25, and 0.125, respectively. Regardless of h, each ratio goes to Rg, i.e., the ratio of a regular hexagon. In
addition, the gap between the ratio of the 23th cell and regular hexagon decreases as h decreases.

3.5. Effect of a target area Ara

In Fig. 1(b), we can see the rounded hexagonal shape of an Italian honeybee comb cell. This has the ratio 13.3705, which
is between a septangle and an octagon, as shown in Fig. 10. This means the equilibrium shape of honeybee comb cell is
not a regular hexagon; rather, it is a rounded hexagon. We introduce a target area Ata to control honeycomb cell growth as
follows:

Aa = XA,

where yx is a positive constant and A = 77 (d/2)? is the area of a disk of radius d, which is a distance between the centers of
two adjacent cells as shown in Fig. 11.

Next, we perform several numerical simulations to study the effect of Ata with the same initial condition in Fig. 9(a). We
use ¢ =1,0 =0.1, N, =50, M =320, At =7.8125e—4, and h = 0.125. Fig. 12(a)-(d) represent the temporal morphologies
of seven cells at t =6 with x =0.9, 0.99, 1.08, and 1.17, respectively. In addition, we can see the temporal evolution of
ratio with respect to x until t = 6. As x increases, the morphologies of the cell converge to the regular hexagonal shape.
Especially, the temporal evolution of the ratio with y = 1.08 agrees well with the experimental data (Fig. 1(b)) as shown in
Fig. 12(e).

3.6. Random visit of bees

In this section, we consider the effect of the random visit percentage of bees. The initial configuration is shown at the
upper left corner in Fig. 14. The other parameter is the same as in the previous test with x = 1.08. To assume the random
visits of bees, we randomly select a cell and then apply an external force only to it. Fig. 13 illustrates that bees randomly
visit the cells for each iteration with 5 out of N;, = 50.

Fig. 14 represents the temporal evolution of morphology with 10%, 30%, 50%, 70%, and 100% random visits. Here, the x-
and y-axis represent the iteration and cell number (k), respectively.

From the results in the last column, we can confirm that all cases generate similar hexagonal patterns.
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Fig. 13. 10% random visits of bees.

3.7. Comparison with experimental data

To confirm the validity of the proposed model and the numerical method, we compare the numerical results with the
experimental data. We consider a basic unit of the hexagonal periodic structure.

Fig. 15 shows the numerical results of the proposed model. In the figure, experimental data are Italian honeybee (Aplis
mellifera Liqustica) comb cell at (a) ‘birth’, and at (c) 2-days old. The new honeycomb cell starts its life as a circular shape
however quickly takes on the rounded hexagonal morphology [6]. In this simulation, we use the following parameters:
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Fig. 14. Temporal evolutions with different percent of random visits.

a=1,0=01, Ny=14, Ny=24, N, =2, M=160, Ly =5, h = Ly/Nx, Ly = Nyh, and At = 0.1h2. The initial configuration is
composed of circles with a radius r = 2.225 as shown in Fig. 15(a). We apply periodic boundary conditions. Fig. 15(b) shows
temporal evolution of the boundaries and Fig. 15(c) is the actual experimental data with the numerical solution overlaid.
We obtain good agreement between the numerical solution of the mathematical model and the actual pattern development
process observed in honeybee combs. The main result is that we can generate hexagonal pattern formation in the honeybee
comb using a simple mathematical model, in which the deriving force is the net force coming from the forces exerted
outward by the cell boundaries.
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Fig. 15. Overlapped images of scaled simulation result and experimental data. (a) Initial configuration. (b) Temporal evolution of the boundaries. Arrows
indicate the evolution direction. (c) Real experimental data with the numerical solution overlaid. Reprinted from Karihaloo et al. [6] with permission from
the Royal Society.

Fig. 16. Initial condition with r = 1.

3.8. Stability test

Because we use the explicit Euler’s method for the temporal discretization, we have the Courant-Friedrichs-Levy (CFL)
condition, Atao <0.5h. The condition implies the interfaces cannot cross more than one half grid cell in one time step
so that they cannot touch each other. We present a stability test to confirm this time step restriction. We use the same
parameter values as in Fig. 9 except r and At: 0 =0.1, @ =1, N, =50, and M = 320. Initial condition is composed of 50
circles with radius r = 1 as shown in Fig. 16.

Fig. 17 shows that the numerical result is stable if the time step satisfies the CFL condition, i.e., Atoa/h = 0.4. However,
if the condition is not satisfied (Atoo/h = 0.6), then the numerical solution is not stable as shown in the second row in
Fig. 17.

3.9. Linear computational cost

To show the linear computational cost, we vary the number of cells N, from 12 to 684. For the numerical simulation, we
use the following parameters: h = 0.125, M = 320, At = 0.05h2, T = 500At, o = 0.1, and o = 1. The computational domain
used is proportional to the number of Nj.

Fig. 18 shows the effect of the number of cells on the computational cost. The computational cost increases linearly as
the number of cells increases.

3.10. Application of the proposed model

The honeycomb shape is applicable in various fields. Honeycomb structures are known for outperforming other cellular
materials in terms of both strength and stiffness under shear or compression, see [11]| and references therein. A patient-
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Fig. 17. Comparison of stability results with two different Atoo/h values at times t = 7.5 and t = 750.
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Fig. 19. A patient-specific 3D-printed cast. Reprinted from Fitzpatrick et al. [31] with permission from Knowledge E.
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Fig. 20. Generation of an initial condition using the DistMesh algorithm [32].

specific 3D-printed cast is an example in the medical field as shown in Fig. 19. The honeycomb shape allows for access to
the skin if there is irritation, and allows airflow to ensure there is no chance for the skin to become infected [31].

As an application of the proposed method, we consider a hexagonal type pattern formation in an arbitrary polygonal
domain. Fig. 20 shows generation of an initial condition using the DistMesh algorithm [32], which is an open source MATLAB
mesh generator for creating a triangular mesh with nonuniform mesh densities.

In Fig. 21, we use simulation parameters & =1, o = 0.1, h = 0.5, At = 0.1h?, N, = 145, M = 160, and 600 x 200 mesh
grid on the computational domain € = (0, 300) x (0, 100). The initial condition for the cast design is defined by using the
points obtained through the DistMesh algorithm as shown in Fig. 20(d) and the sizes of radii are adjusted according to the
value of x; r(x) = 0.00004x2. To design the cast, we perform a post-process to shrink each cell boundary by 20%, see Fig. 21.

Note that we can generate regular hexagonal pattern using a phase-field crystal equation:

%—‘f =MA(@> + (1 —€)p +2A¢ + A2p), (5)

where M is a mobility and € is a constant. In the phase-field crystal model, the number density of atoms approximates
with a continuous phase field ¢ which is called crystal, see references [33,34] for more details about the phase-field crystal
equation and its numerical simulations. Also, we can obtain a regular hexagonal pattern by Turing instability, see [35,36] for
various Turing systems.
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Fig. 21. Generation of a cast design using the proposed algorithm. Snapshots of numerical solution at (a) t =0, (b) t = 125, and (c) t = 250.

4. Conclusions

In this work, we proposed a mathematical model using the immersed boundary method, for the transformation of circu-
lar cells in a honeycomb to hexagonal cells. Although the model is simple, it captures the main transformation mechanism.
This work can be extended to model and simulate a fully three-dimensional honeycomb structure formation. In future work,
we will develop a three-dimensional model and a numerical method for the three-dimensional case.
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Appendix

Geometric derivation of the normal vector

We present a geometric derivation without using the quadratic polynomial approximation. The unit normal vector (n;)
at the point (x;, y;) can be defined by interpolation using the relation between two nearby points.

Fig. 22 represents the schematic of normal vector m; at (x;, y;). The distance As; is defined as As; =
\/(x, —X;_1)2 + (¥ —¥;_1)2. A normal vector to the line segment connecting the points (x;, y;) and (x,_1,¥;_1) is

(.Vl —Yi1 X1 —Xl)
AS[ ’ AS[

and similarly, the normal vector for the points (x;,1,y;,1) and (x;, y;) is

Yier = Y1 X1 — X149
Asig T Aspy
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Yo Y T, — 2,
As ' As

I+1

I+1

(mH—l ) yl+1 )
As (z,, )

1+1
Asl + Asl+1
As,
Asz + ASH—I

(xl—l ’ yl—l)

Fig. 22. Schematic of normal vector m; at point (x,, y;).

Therefore, we obtain the normal vector m; by a linear interpolation,

__ Asin (yl_yl—l Xl—l_xl) As Yir1 =Y X — X
Asj+As\ Asp T A Asi+Aspq \ Aspyy O Asyy )

m,
Finally, we have the unit normal vector, n; = m;/|my|.
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